In this paper, we present some new inequalities for unitarily invariant norms involving Heron and Heinz means for matrices, which generalize the result of Theorem 2.1 (Fu and He in J. Math. Inequal. 7(4):727-737, 2013) and refine the inequality of Theorem 6 (Zhan in SIAM J. Matrix Anal. Appl. 20: 466-470, 1998). Our results are a refinement and a generalization of some existing inequalities. MSC: 47A30; 15A60
Introduction
Throughout, let M m,n be the space of m × n complex matrices and M n = M n,n .
A norm · is called unitarily invariant norm if UAV = A for all A ∈ M n and for all unitary matrices U, V ∈ M n . Two classes of unitarily invariant norms are especially important. The first is the class of the Ky Fan k-norm · (k) , defined as 
For two nonnegative real numbers a and b, the Heinz mean and Heron mean in the parameter v,  ≤ v ≤ , are defined, respectively, as 
and (.), then putting u = v, the following inequalities hold: 
In Section , we will generalize and refine some existing inequalities for unitarily invariant norms involving Heron and Heinz means for matrices and present some new refinements of the inequalities above.
Main results
In this section, we firstly utilize the convexity of the function g(u) to obtain a unitarily invariant norms inequality that leads to another version of the inequality (.), which is also the refinement of the inequality (.).
To obtain the results, we need the following lemma on convex functions [, ].
Lemma . Let f be a real valued continuous convex function on an interval
[a, b] which contains (x  , x  ). Then for x  ≤ x ≤ x  , we have f (x) ≤ f (x  ) -f (x  ) x  -x  x - x  f (x  ) -x  f (x  ) x  -x  .
Theorem . Let A, B, X ∈ M n , such that A, B are positive semidefinite. Then for any unitarily invariant norm
Proof For   ≤ u ≤ , by the convexity of the function g(u) and Lemma ., presented above, we have
By (.) and (.), we have
So,
, by the convexity of the function g(u) and Lemma ., presented above, we have
By (.) and (.), we have
By (.) and (.), for
, we have the following equivalent inequality:
The proof is completed.
Remark . With a simple computation between the upper bounds in (.) and (.), obviously we have
Thus the inequality (.) is a refinement of the inequality (.). http://www.journalofinequalitiesandapplications.com/content/2014/1/288
Now, we present a refinement of the inequality AXB ≤ ( -α)AXB + α(
) . , ∞), we have
Theorem . Let
By integrating both sides of the inequality above, we have 
